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Abstract

Creep behavior of rotating discs made of functionally graded materials with linearly varying thickness has been investigated. The discs
under investigation are made of composite containing silicon carbide particles in a matrix of pure aluminum. The creep behavior of the
composite has been described by threshold stress based creep law by assuming a stress exponent of 5. The effect of imposing linear parti-
cle gradient on the distribution of stresses and strain rates in the composite disc has been investigated. The study indicates that with in-
crease in particle gradient in the disc, the radial stress increases throughout the disc, whereas the tangential and effective stresses increase
near the inner radius but decrease near the outer radius. The steady state strain rates in the composite disc, having gradient in the distribu-
tion of reinforcement, are significantly lower than that observed in a disc having uniform distribution of reinforcement.
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1. Introduction

Rotating discs provide an area of research and study due to
their vast utilization in rotating machinery such as steam and
gas turbine rotors, turbo generators, pumps, compressors, fly-
wheels, automotive braking systems, ship propellers and com-
puter disc drives [1-4]. In most of these applications, the disc
has to operate under elevated temperature and is simultane-
ously subjected to high stresses caused by disc rotation at high
speed [5]. As a result of severe mechanical and thermal load-
ings, the material of disc undergoes creep deformations,
thereby affecting performance of the system [1, 6-8]. As an
example, in the turbine rotor, there is always a possibility that
the heat from the external surface is transmitted to the shaft
and then to the bearings, which has adverse effects on the
functioning and efficiency of the rotor [9].

Under high temperature, a rotating disc made of monolithic
material may not perform well. The excellent mechanical
properties like high specific strength and stiffness, and high
temperature stability offered by aluminum matrix composites
reinforced with SiC particles, whiskers or fibers make them
suitable for rotating disc applications exposed to elevated
temperature [10-11].

In recent years, the problem of creep in rotating discs
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made of functionally graded materials (FGMs), subjected
to severe mechanical and thermal loads, has attracted the
interest of many researchers. In FGMs the volume fraction
of one or more constituent material is varied continuously as a
function of position along certain dimension(s) [12, 13]. These
materials are designed and developed to operate in high tem-
perature environments. The steady state creep behavior of a
rotating disc made of functionally graded (FG) isotropic Al-
SiCp (subscript ‘p’ for particle) having constant thickness and
operating under constant temperature was studied by Singh
and Ray [14]. The study assumed linearly decreasing distribu-
tion of SiCp from the inner to the outer radius of disc. It is
revealed that the steady state creep response of FGM disc is
significantly superior as compared to a similar disc but con-
taining uniform distribution of SiCp. Gupta et al. [1, 15] ana-
lyzed creep behavior of a rotating disc made of FG Al-SiCp
having uniform thickness and operating under a radial thermal
gradient. The study indicates that for the assumed linear dis-
tribution of SiCp, the steady-state strain rates in an FGM disc
are significantly lower than that observed in an isotropic disc
having uniform distribution of SiCp. Bayat et al. [16] carried
out thermo-elastic analysis of an FG rotating disc with small
and large deflections and observed that for particular values of
grading index (n) of material properties mechanical responses
in FG disc can be smaller than observed in a homogeneous
disc. Bayat et al. [9] obtained elastic solutions for axisymmet-
ric rotating discs made of FGM with variable thickness.
Kordkheili and Naghdabadi [17] obtained a semi-analytical
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thermo-elastic solution for hollow and solid rotating axisym-
metric disc made of FGM under plane stress condition.

The literature reveals that the stresses in rotating discs (annu-
lar or solid) having variable thickness, with thickness decreas-
ing from the center towards the periphery, are much lower
than those observed in a uniform-thickness disc operating at
the same angular velocity [18-20]. By employing a variable
thickness disc the plastic limit angular velocity increases and
the magnitude of stresses and deformations in the disc reduces
[20]. Jahed et al. [21] observed that the use of variable thick-
ness disc helps in minimizing the weight of disc in acrospace
applications. Gupta et al. [22] also observed that a rotating
disc whose density and thickness decrease radially is on the
safer side of design in comparison to a flat disc having vari-
able density. Deepak et al. [23] noticed that the stresses and
strain rates in a rotating disc made of isotropic composite can
be significantly reduced by selecting linearly varying thick-
ness profile as compared to hyperbolic or constant thickness
disc profile.

The literature consulted so far reveals that the studies
pertaining to creep in rotating disc made of FGM, that
too of variable thickness, are rather scant. Further, the
creep performance of composite disc with linearly vary-
ing thickness is observed to be superior as compared to
discs having other thickness profiles. With these fore-
thoughts, it is decided to investigate the steady state creep,
which occupies 30-40% of total creep life, in a rotating disc
made of functionally graded Al-SiCp and having linearly
varying thickness. The content of SiCp in Al matrix is as-
sumed to vary linearly with maximum SiCp content at the
inner radius and minimum SiCp content at the outer radius. A
mathematical model has been developed to describe the steady
creep behavior of the composite disc. The model is used to
investigate the effect of imposing various kinds of linear parti-
cle (SiCp) gradients on the steady state creep response of a
variable thickness disc.

2. Disc profile and assumptions

In this study, the creep response has been calculated for ro-
tating discs having linearly varying thickness and constant
thickness while keeping equal volume of both the disc. The
inner (@) and outer () radii of both the discs are assumed,
respectively, as 31.75 mm and 152.4 mm while the thickness
(#) of uniform thickness disc is taken as 25.4 mm. The dimen-
sions of the disc selected in this study are similar to those re-
ported earlier [18].

In case of linearly varying thickness disc, the thickness /(r)
at any radius 7 is given by

h(r)y=h, +2c(b—-7), (1)

where the constant ¢ =M , and h, and A, are, respec-
2(b—a)

tively, the disc thickness at »=a and r=5.

Since the volume of linearly varying thickness disc is equal
to that of constant thickness disc,

b
J.Zﬂrh(r)drzﬂ(bz —ai. 2)

Substituting A(r) from Eq. (1) into the above equation and
simplifying, we get,

_ 3(b+a)t—h,(2b+a)

ha
(b+2a)

(€)

Assuming h, =13.97 mm and substituting a = 31.75 mm, b =
152.4 mm and t = 25.4 mm in Eq. (3), we get h, =43.22 mm.

The analysis carried out in this study is based on the follow-
ing assumptions:

(1) Material of the disc is incompressible and locally isotropic,
i.e., the properties of the disc remain constant at a given ra-
dius in all the directions but change with the change in ra-
dius.

(2) Stresses at any point in the disc remain constant with time,
i.e., steady state condition of stress is assumed.

(3) Elastic deformations in the disc are small and neglected as
compared to creep deformations.

(4) The axial stress ( 0, ) throughout the disc remains zero.

3. Distribution of reinforcement

The distribution of SiCp in the FGM disc decreases linearly
from the inner to outer radius; therefore, the density and the
creep constants will also vary with radial distance. The
amount (vol%) of SiCp, V(r), at any radius r, is given by

V(I") = Vmax - (r_a) (Vmax - Vmin) = 51 _§2r > (4)
(b—a)
where
51 = (Vmax +1152) ’
_ (Vmax _Vmin)
N

Vo and V. are the maximum and minimum SiCp contents,
respectively, at the inner (@) and the outer (b) radius of the
disc.

According to rule of mixture, the density p(r) of the FGM
disc at any radius » may be written as,

[100=V(Nlp, +V(py _ , . (Pa=PIV )

, (5
100 " 100 ©)

p(r)=

where, p, (= 2698.9 kg/m’) and p, ( = 3210 kg/m’) are,
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respectively, the densities of pure aluminum matrix and sili-
con carbide particles [24, 25].
Substituting V() from Eq. (4) into Eq. (5),

(pd_pm)(5l_52r)=A B r (6)
4 p

=p, +
pr)=p, 100

where,

o

A, =p, +(p, - .

and,

B = 6, (Py=Pu) .
’ 100

The average particle content in the disc (V,,) can be ex-
pressed as,

b
J' 2 h (F)V (F)dr
I ™)

“T (b —ab

Substituting /4(r) and V' (r) , respectively, from Eq. (1) and Eq.
(4) into Eq. (7), the minimum SiCp content (V,,,) in the disc
may be obtained as,

o= V. ullh® —2h,a* +b°c—5a’be+abc+abhy +3a°0) =3V, (b* —a”)
(abhy +abBc+a*h, +a*be—a’c—2b"h, —b’c)

min

®

4. Selection of creep law

In aluminum-based composites, undergoing steady state
creep, the effective creep rate (£) is related to the effective
stress (o) through well documented creep law given by [26,
27]:

£= A'(M]n exp(ﬁ) , ©)

where the symbols A, n, O, E,R, Tand (0,) denote, respec-
tively, the structure dependent parameter, true stress exponent,
true activation energy, temperature-dependent Young’s
modulus, gas constant, operating temperature and threshold
stress (i.e., the minimum stress required to initiate creep).

The true stress exponent () in Eq. (9) is usually selected as
3, 5 and 8, which correspond to three well-documented creep
cases for metals and alloys: (i) n = 3 for creep controlled by
viscous glide processes of dislocation, (ii) » =5 for creep con-
trolled by high temperature dislocation climb (lattice diffu-
sion), and (iii) » = 8 for lattice diffusion-controlled creep with

a constant structure [27]. Though, some of the investigators
[28-31] have used a true stress exponent of 8 to describe
steady state creep in Al-SiCp,w (subscript ‘p’ for particle and
‘w’ for whisker) composites but a large number of other in-
vestigators [32-39] have suggested that a stress exponent of
either ~3 or ~5, rather than 8, provides a better description of
experimental steady state creep data observed for discontinu-
ously reinforced Al-SiC composites. As a consequence, a
stress exponent of 5 is used in this study to describe steady
state creep behavior of the composite discs.

5. Estimation of creep parameters

The creep law given in Eq. (9) may alternatively be written
as

e=mle -o,m]", (10)

1/n
1( . -0 .
where M(r)=—| A exp—= 1S a creep parameter.
() E( pRTJ pp

The creep parameters M (r) and o, (») given in Eq. (10) are
dependent on the type of material and are also affected by the
temperature (7) of application. In a composite, the dispersoid
size (P) and the content of dispersoid (V) are the primary ma-
terial variables affecting these parameters. In this study, the
values of M and o have been extracted from the experimen-
tal uniaxial creep results reported for Al-SiCp [30]. For this
purpose the individual set of creep data reported in [30] are
represented on £'° versus o linear plots as shown in Figs.
1(a)-(c). The slopes and intercepts of these graphs yield the
values of creep parameters M and o, as reported in Table 1.
This approach of determining the threshold stress (o) is
known as linear extrapolation technique [40]. To avoid varia-
tion due to systematic error, if any, in the experimental results,
the creep results from a single source [30] have been used.

The £"° versus o plots, corresponding to the observed
experimental data points of Al- SiCp[30] for various combina-
tions of SiCp size, SiCp content and operating temperature,
exhibit an excellent linearity, as evident from Figs. 1(a)-(c).
The coefficient of correlation for these plots is observed in
excess to 0.916 as evident from Table 1. In the light of these
facts, the choice of stress exponent n = 5, to describe the
steady state creep behavior of Al-SiCy, is justified.

For the creep parameters given in Table 1, the regression
analysis has been performed in DATAFIT software to esti-
mate the values of M and o, at any radius » of the FGM disc
in terms of P, V and T. The developed regression equations are,

0.0088 14.0267 0.0322 an
T 4
0, (r)=—0.084P—0.023T +1.185V (r)+22.207 (12)

M(r)=0.0288 -

To verify the accuracy of the regression equations developed,
the creep parameters corresponding to observed experimental
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Table 1. Creep parameters used for Al-SiCp in the present study.

P T V M Oy Coefficient of
(um) (K) | ol%) | (" /MPa)| (MPa) Correlation
1.7 4.35E-03 19.83 0.945
14.5 623 10 8.72E-03 16.50 0.999
45.9 9.39E-03 16.29 0.998
10 4.35E-03 19.83 0.945
1.7 623 20 2.63E-03 32.02 0.995
30 2.27E-03 42.56 0.945
623 2.63E-03 32.02 0.995
1.7 673 20 4.14E-03 29.79 0.974
723 5.92E-03 29.18 0916
0.15
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Fig. 1. Variation of £Y5 versus o in Al-SiCp for different: (a)
SiCp sizes, (b) vol % of SiCp (c) Operating temperatures [30].

data points, as given in Table 1, have been calculated from
Eqgs. (11) and (12).

The creep parameters thus obtained have been substituted in
creep law given by Eq. (10) to estimate the strain rates corre-
sponding to the reported experimental stress levels [30] for
various combinations of P, V and T. The strain rates thus esti-
mated have been compared with the experimentally observed
strain rates [30] as shown in Figs. 2(a)-(c). An excellent
agreement is observed between the theoretical and the ex-
perimental strain rates.

In a rotating disc made of FGM, with SiCp content varying
along radius as V(r), both the creep parameters M and o, will
also vary along the radial direction. In the present study, the
size of SiCp (P) is taken as 1.7 um and the operating tempera-
ture (7) is assumed as 623 K over the entire disc. Thus, for a
given FGM disc with a known particle gradient, both the
creep parameters will be functions of radial distance only. The
values of M () and o, (r) at any radius 7, could be estimated
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Fig. 2. Comparison of experimental [30] and estimated strain rates in
Al-SiCp for different: (a) sizes of SiCp, (b) vol% of SiCp and (c) Op-
erating temperatures.

by substituting the particle content V{(r) at the corresponding
locations into Eqgs. (11) and (12) respectively.

6. Mathematical formulation

It is assumed in this study that the disc material is isotropic
and yield according to von-Mises yield criterion [41] given by,

flop=J,-k =0, (13)

where f(0;) is the potential function, k is a constant and
J, is given by

J, :%[(0'2—0'3)2+(0'3—0'1)2+(0'1—0'2)2] : (14)

The strain increment (d¢;;) is related to the potential func-
tion, f(o;), through the associated flow rule given by,

de,;

i

:Maf(ai,-) ’
00

(15)

i
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where dA is the proportionality factor that depends upon o
do; and ¢
hardening.

Substituting the yield criterion given by Eq. (13) into Eq.
(15), the following constitutive equations are obtained in
terms of principal strain increments de,, d&,, and dé&y,
and principal stresses 0;,, 0,, and 0;;:

ij

;» apart from strain history because of strain

de,, :% oy~ T2t %x) ;’%) da,

de, =2 o, ~Cuton) | 4n (16)
3| 2|
2[ (0,,+0,) |

d€33 25_0'33 —%_dﬂ .

The effective stress (&) and strain increment (d€) are
given by,

L

72
(17)
5

_ 2
de =T[(d‘911 —d€22)2 +(dey, _d533)2 +(des; _dgn)z]l/2

(18)

1/2

— 2 2 2
o= [(0 —033) +(033—0y) +(0,-0,)] 7,

Substituting the values of dg,,, de,, and dée,; from Egs.
(16) into Eq. (18) and using Eq. (17), we obtain,

de =%5 da . (19)
From Egs. (16) and (19) we get the strain increments
de (05 +033)
dey, =‘:T[0]1—‘—2£§——2—},
de o, +0
de,, = T|:O-22 _(11—33)} , (20)
o 2

dE{ _(0'11"'0'22)}
3 :

de,=—| 0O
5 2

On integrating the above set of equations (Egs. (20)), one
gets the strain rates,
_EZ
20

. £
€y =7=[20y -0y, -03],
20

& [20), -0y — 03],

@n

_ £

£
DY

[203; -0y, —0y].

Let A and A4, denote the areas of transverse section of the

2225

disc element with outer radii » and b, respectively, but with the
same inner radius a. The values of 4 and 4, may be expressed
as,

a . (22)

The polar moment of area / and [, of these disc elements,
with outer radii respectively as 7 and b but with the same inner
radius a, is given by

I= J' hrdr
, (23)
I, = jhﬁdr
The average tangential stress in the disc (0,,) is
B
Ogn =— I hodr . 24
AO

The set of constitutive equations (Eq. (21)) for creep in an
isotropic composite material under biaxial state of stress (i.e.
o, =0) takes the following form when the reference frame is
along the principal directions », 6 and z [15]:

. _E
gr =§[20-r _0-(9])

£ =£[20'.9 -o,],

20 @)

‘éz :%[—O‘r _O-H]a

where £,,€,,€, and 0,,0,,0, are, respectively, the strain
rates and the stresses in , € and z directions, as indicated by
respective subscripts.

The effective stress () , given by Eq. (17), in a rotating
disc under biaxial state of stress may be expressed as,

L

V2

1/2
[0'92 +0.+(0.-0,)*| .

Ql

(26)

Substituting the value of £ from Eq. (10) and o from Eq.
(26) into the first equation amongst set of equations in Eq.
(25), the radial strain rate becomes
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_dii, _ [2x(r)~1]

AR T MO el

27

£
"odr

where x=0, /0, is the ratio of radial and tangential stresses,

u is the radial deformation and u, =du/dt is the radial de-
formation rate.

Similarly, the second equation of Eq. (25), yields the tangen-
tial strain rate,

e [223(0)] o
T 2A{x(r)} —x(r)+1)]"? QA AGHES

(28)

Dividing Eq. (27) by Eq. (28) and integrating the resulting
equation between limits a to r, we get

i, =i, exp[ J' Mdr] : 29)
r
where u, is the radial deformation rate at the inner radius and
2x(r)-1
sy L2XO =1
[2-x(r)]

Substituting u, from Eq. (29) into Eq. (28), we get,

N[0,
. expL[ . ]dr—

Simplifying the above equation, the tangential stress (o, ) is
obtained as

22— x(M][M ()T - o,()}]"
Ax(r) —x(r)+D]"*

1/n
)= “A;”(l()) 0., (30)

where

_ p(r)""
O = P =<+ D]

_ 0, (r)
VO T e Gh
and,

20 —x() D] [ [0
T e""@ r dr} >

Considering the equilibrium of forces acting on an element
of the disc having varying thickness, the force equilibrium
equation may be written as [18, 42]

di[h(r)m,]— h(r)o, + p(r@*r*h(r)=0 (33)
%

where p(r) is the density of composite disc.

It is assumed that the disc is connected to the shaft by means
of splines where small axial movement is permitted. Therefore,
a free-free condition applies [16], i.e.

o,=0atr=q and o, =0atr=>. 34)

Integrating Eq. (33) between limits a to b under the imposed
boundary conditions given in Eq. (34), we get,

(b, +2cb)(b* —a*)
4
3 2¢(b® - a)
5

b
'[h(r)ag dr=a?| 4,1,~B,

(35)

Multiplying Eq. (30) by A(r)dr and integrating the resulting
equation between limits a to b, we get

1/n 1

u, '=5—————| 404 —jh(r)%(r)dr . (36)
J‘h(r)wl ") ..
M(r)

a

Dividing Eq. (35) by 4, and noting Eq. (24), we get

b
Oy =j0 j h(r)o,, dr

_ af{Apzo - Bp{(hb 2 =) 2~ aS)H

Knowing o, , the tangential stress (0,) is obtained after
substituting the value of zial/" from Eq. (36) into Eq. (30) as
follows:

wi(r)

b
Ay j W, (r)dr]

S
Il

. ()
ow, o) 2

M) j
M(r)
Integrating Eq. (33) between limits « to r, the radial stress is
obtained as

I h(r)G,dr — P 4,1
.(38)

r

rhn) | szp[(hb + 2cb‘)‘(r4 ~a*) 2c(r55— aS)]
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The tangential stress (0,) and the radial stress (o,) at any
point in the composite disc are determined from Egs. (37) and
(38) respectively. Using these values, the strain rates £, and
&, are calculated, respectively, from Eqs. (27) and (28).

7. Numerical computations

Following the procedure described in Section 6, the stresses
and strain rates in the disc are estimated through an iterative
numerical scheme shown in Fig. 3. The iteration is continued
untill the process converges and yields the values of stresses at
different points of the radius grid. For rapid convergence 75%
of the value of o, obtained in the current iteration has been
mixed with 25% of the value of o, obtained in the previous
iteration and this modified value is used in the next iteration.

8. Results and discussions

A computer code, based on the mathematical formulation
presented in Section 6, has been developed to obtain the dis-
tribution of stresses and steady state creep rates in various
FGM discs having the same average SiCp content. For com-
parison, the results have also been obtained for a non-FGM
disc having average SiCp content equal to that in FGM discs
but distributed uniformly.

8.1 Validation

Before discussing the results obtained in this study, it is nec-
essary to check the validity of analysis carried out and the
software developed. For this purpose, the radial and tangential
creep strains have been computed in a rotating steel disc by
following the current analytical procedure. The results ob-
tained are compared with the available experimental results
for a steel disc [43]. The operating conditions, dimensions and
creep parameters used for the steel disc are reported in Table 2.

To estimate the values of parameters M and o, for a steel
disc, the creep law given by Eq. (10) is integrated between
limits of # from 0 to ¢ to give

E=M@ -0 [ . (39)
0

where € is the effective strain and f{?) is function of time z.
Similar to the work of Wahl et al. [43], the function £{?) is
assumed to be unity during the validation process. Wahl et al.
[43] observed that for steel disc the average strain at the end of
180 Ars and a mean stress (0) = 25,150 psi is 0.0109 in/in,
whereas at a mean stress () = 29,450 psi, the strain observed
is 0.029 in/in. Using the above reported values of stress and
strain in Eq. (39), the creep parameters M and o, for steel
disc are estimated as 2.05 X 10 * s "/MPa and 35.98 MPa.
These parameters have been used in the developed computer
code to obtain the distribution of tangential and radial creep
strains in the steel disc. Fig. 4 shows a good agreement be-
tween the results obtained by the procedure outlined in this

ITER = Iteration no.
Enp = [oglirer —[T¢liTER-1
RR
[0]irER-1
h = Limiting Value of ERR (=0.01)
ITM = Maximum no. of iteration = 50

Enter values of a, b, n, ¢, 1, 1y

v

Caleulate V' (1), M(r)and o (r)at
different points of radius grid

\;

Calculate Ay, Iy, g,

\;

Initialization 0, = o,

v

ITER =1

WV
I Calculate o, l

v

Caleulate @(r), w(r),p, (r),pw-(r), tl“]

\ v

ITER =ITER + 1 Caleulate .5

A \l{
Yes

n

No

No Check Convergence

(FRR < I

| Caleulate £, , £, |

Fig. 3. Numerical scheme of computation.

study and the available experimental results for steel disc [43],
which validates the analysis carried out and the software de-
veloped in this study.
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Table 2. Parameters and operating conditions for steel disc.

Table 3. Description of rotating discs.

Parameters Density of disc material (p) = 7,823.18 kg/m®

for steel disc | Disc radius: @ =31.75 mm, b= 152.4 mm

Disc Thickness: ¢ =25.4 mm

Stress exponent: n =15

Creep parameters: M =2.05 x 10™ s/ MPa
0y =35.98 MPa

Operating Disc rpm = 15,000
conditions Operating temperature = 810.78 K
Creep duration = 180 /rs

Legends:
— radial (Present study)
*  radial (Exp. data points of Yahl et al. [43])
— - tangential (Present study)
= targential (Exp. data points of Wahl et al. [43])
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Fig. 4. Comparison of theoretical (Present Study) and experimental
[43] strains in the steel disc (Disc rpm = 15000, Creep duration 180
hrs).
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Fig. 5. Variation of particle content in composite discs.

8.2 Variation of creep parameters

Fig. 5 shows the distribution of reinforcement (SiCp) in
various discs used in this study (refer to Table 3).
The SiCp content decreases linearly from the inner to the

Particle (SiCOp) Particle Gradient
Disc (Notation) Content (vol%) (PG) = Viax = Vnin
Viae | Vein | Vav (vol%)
Uniform/Non-FGM (D1) 20 20.00 | 20 0
FGM (D2) 25 15.52 | 20 9.48
FGM (D3) 30 11.03 | 20 18.97
FGM (D4) 35 6.54 20 28.46
7
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s 1 —— FGM Disc D3 (PG = 18.97%) /
E 5 1 — — FGM Disc D4 (PG = 28.46%) /
& ] /
‘o 4 ] ,/ -
~ ] Pt
hal 3 L
N 1T T A
< Jo =T
- 2 ==
= ]
14
0+
40 60 80 100 120 140
Radius (mm)
(@)
55 <
] ——— Non-FGM Disc D1 (PG = 0%)
50 ) FGM Disc D2 (PG = 9.48%)
45 4 . —— FGM Disc D3 (PG = 18.97%)
I~ .~ FGM Disc D4 (PG = 28.46%)
40 4 ~_
] ~ \\‘
= 3 NN
§ ¥ NS
< 304 N
I NS
25 ] \.\\\
20 S
15 -
10 e e

40 60 80 100 120 140

Radius (mm)
(®)

Fig. 6. Variation of creep parameters in composite discs.

outer radius in FGM discs (D2-D4) while in uniform disc D1
(non-FGM disc) the content of SiCp remains 20 vol % over
the entire radius. Figs. 6(a) and 6(b) show, respectively, the
variation of creep parameters M and o, with radial distance in
the composite discs. The value of parameter M observed in
FGM discs (D2-D4) increases with increasing radial distance.
The increase observed in M is due to decrease in particle con-
tent V(r) in the FGM discs (D2-D4) on moving from the inner
to the outer radius, as evident from Eq. (11). With the increase
in particle gradient (PG), defined as the difference of maxi-
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mum and minimum particle content in the disc, the distribu-
tion of M becomes much steeper. On the other hand, the
threshold stress (o,,) shown in Fig. 6(b), decreases linearly
with increasing radial distance as observed for the FGM disc
(D2-D4). The threshold stress is higher in regions having
more amount of SiCp compared to those having a relatively
lesser amount of SiCp, which is also revealed from Eq. (12).
Similar to the creep parameter M, the variation of o, also
becomes steeper with the increase in particle gradient in the
FGM discs. Both the creep parameters, M and o, , observed in
uniform disc (D1) remains constant due to uniform distribu-
tion of SiCp reinforcement (i.e. 20 vol% SiCp) over the entire
disc.

8.3 Distribution of stresses and strain rates

The effect of particle gradient (PG) on creep behavior of uni-
form and FGM discs is shown in Figs. (7)-(8). The radial
stress in all the discs, Fig. 7(a), increases from zero at inner
radius, reaches maximum before dropping to zero again at the
outer radius, under the imposed boundary conditions given in
Eq. (34). By increasing PG in the disc, the radial stress is ob-
served to increase over the entire disc.

The radial stress is highest in FGM disc D4 and lowest in
uniform disc D1. The maximum value of radial stress in FGM
discs D2, D3 and D4 is higher, respectively, by about 11%,
23% and 33%, when compared with those observed in uni-
form disc D1. As compared to uniform thickness disc D1, the
radial stress in FGM discs D2, D3 and D4 is higher near the
inner radius due to higher density, which causes the centrifu-
gal force to increase. But toward the outer radius, in spite of
lower density of FGM discs, the radial stress is higher in FGM
discs than the uniform thickness disc D1 due to relatively
lower thickness. Fig. 7(b) shows the variation of tangential
stress in different composite discs. By increasing PG in the
FGM disc the tangential stress increases near the inner radius
but decreases towards the outer radius when compared with
distribution of tangential stress in uniform disc D1. The distri-
bution of tangential stress exhibits a crossover at a radial dis-
tance of around 78.67 mm, Fig. 7(b). In the FGM discs (D2-
D4), the higher and lower density of the disc, respectively,
near the inner and outer radii, compared to the density of uni-
form disc D1, are responsible for relatively higher and lower
tangential stresses near the inner and outer radii, as revealed
from equilibrium Eq. (38). As compared to uniform disc D1,
the maximum values of tangential stress in FGM discs D2, D3
and D4 are higher by about 10%, 20% and 30% respectively.
The variation of effective stress with radial distance for differ-
ent discs, as shown in Fig. 7(c), is similar those observed for
tangential stress in Fig. 7(b).

The strain rates, tangential as well as radial, decrease signifi-
cantly with increasing PG in the disc as evident from Figs.
8(a) and 8(b). Though, near the inner radius the tangential
stress in the FGM discs is higher than the uniform disc D1 due
to higher density, but the FGM discs exhibit lower tangential
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creep rates near the inner radius than the uniform disc D1. It is
attributed to lower and higher values of parameters M and 5,
Figs. 6(a)-(b), near the inner radius of FGM discs (D2-D4)
than the uniform disc D1. On the other hand, the tangential
strain rate near the outer radius of the FGM discs (D2-D4) is
lower than the uniform disc D1, due to lower tangential stress,
Fig. 7(b), caused by the lower density of FGM discs towards
the outer radius. At the outer radius, the increase and decrease
in parameters M and o, , respectively, with increasing PG,
Figs. 6(a)-(b), could not dominate the decrease in tangential
stress. The decrease in tangential strain rate is more at the
inner radius than that observed towards the outer radius. The
effect of increasing the PG on the radial strain rate, Fig. 8(b),
is similar to that observed for tangential strain rate in Fig. 8(a).
By increasing the PG beyond 9.48%, the nature of radial strain
rate, which is generally compressive, becomes tensile in the
middle of the disc, as noticed for FGM discs D3 and D4. The
maximum tensile radial strain rate is observed somewhere in
the middle of FGM disc D4, which possesses maximum PG.

It is also evident from Figs. 8(a) and 8(b) that besides de-
crease in strain rates with increasing PG, the distribution of
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strain rates becomes relatively more uniform. Therefore, the
FGM disc having higher PG will have less chances of distor-
tion.

The stress inhomogeneity, defined as the difference of
maximum and minimum values of stress, increases with in-
creasing particle gradient as shown in Fig. 9(a). For 1% in-
crease in particle gradient in the FGM disc, the inhomogeneity
in radial, tangential and effective stress increases by about
0.23 MPa, 1.37 MPa and 1.47 MPa respectively. Unlike stress
inhomogeneity, the tangential as well as radial strain rate in-
homogeneity in the disc decreases significantly with increas-
ing particle gradient as shown in Fig. 9(b). The decrease is
steeper up to about 18% particle gradient followed by a rela-
tively lower decrease with further increase in particle gradient.
The decrease observed in tangential strain rate inhomogeneity
is relatively higher than that observed in radial strain rate.

9. Conclusions

The study carried out has led to the following conclusions:
+ In the presence of particle gradient in a rotating disc, the
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tangential stress increases near the inner radius but de-
creases near the outer radius.

* The radial stress in a rotating disc increases everywhere
with the increase in particle gradient.

* In the FGM discs with linearly decreasing particle content
from the inner to the outer radius, the steady state creep re-
sponse in terms of strain rates is superior to that observed
in a disc containing uniform distribution of reinforcement,
when both the discs have the same average amount of re-
inforcement.

* By employing higher particle gradient in the FGM disc,
the distribution of strain rates in the disc becomes rela-
tively more uniform.
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